Abstract A novel method for calculating the magnetic stiffness matrix was proposed for the numerical analysis of the magneto-elastic stability of complicated current-carrying structures aiming for application in the magneto-elastic behavior of the tokamak system. A code based on the proposed method was developed and applied to the numerical analysis of two typical currentcarrying structures. The good consistency of the numerical and analytical results validated the proposed method and the related numerical code.
Introduction
Along with the rapid development of science and technology, there are a growing number of magnetic devices such as magnets for fusion reactors and for linear motor cars etc. The structural stability of these devices, especially those involving new materials and subjected to huge electromagnetic forces, is of great significance for their safety operation. For instance, the interaction among various coils in a tokamak magnet system of a magnetic confinement fusion reactor is very complicated and of utmost importance in the structural design of the magnet system [1] . Research on magneto-elastic stability will also contribute to the analysis of blanketplasma interaction in tokamak structures.
According to MOON's studies [2] , there are four types of interactions that might lead to buckling of the current-carrying coil in the tokamak, in which interaction of the coil with magnetic fields from nearby coils received the most attention [3∼8] . The essence of this kind of coupled problem is perturbation of the magnetic energy according to a mutual inductance change caused by its deformation [4] and interaction between the deformation of conducting structures and surrounding magnetic fields. MOON [5] used a small superconducting coils model and the so called magnetic stiffness concept to demonstrate and analyze magneto-elastic stability of the toroidal coils. To predict the magneto-elastic behaviors of full-scale superconducting toroidal coils, MIYA et al. [3, 4] developed a finite-element method with an extension to the magnetic stiffness matrix. Several researchers have considered a more practical mechanical model [7, 8] , and CHATTOPADHYA incorporated the effects of a self magnetic field [6] to deal with such problems. However, a general numerical method for magneto-elastic stability of complicated conducting structures has not yet been fully developed. For applications to magneto-elastic behavior of the tokamak system such as eddy current induced electromagnetic loads on shield blankets [9] , much work still needs to be done.
In this paper, the magneto-elastic stability problem of current-carrying conductors in parallel magnetic fields is studied, considering interactions between deformation and magnetic fields. For simplicity, we consider transverse Lorentz forces only which vary with deformation of structures. A novel method to obtain the magnetic stiffness matrix is proposed and applied to the stability analysis of two typical current-carrying structures. The numerical results validated the proposed method and numerical code.
Mathematical formulation
The magnetic stiffness matrix is the key in considering the transverse stability [2, 10] of structures in an electromagnetic field. Although the magnetic stiffness matrix can be theoretically deduced from Lagrange's equations or the magnetic energy function of the magnetoelastic system and is available for some simple magnetoelastic systems, it is hard to obtain for a large system of complicated structures. In this section, we propose a novel Finite Element Analysis (FEA) based method to calculate the magnetic stiffness matrix and elaborate its application to the determination of critical properties and buckling patterns of current-carrying conductors. 
Modal method for magnetic stiffness matrix
Before presenting the modal method for the magnetic stiffness matrix, we suppose that the continuous conducting structure has been converted into a multipledegree-of-freedom (MDOF) linear system on the basis of FEA strategy. The term 'modal' is borrowed from the modal analysis of vibration problems. The basic idea of the modal method is to transform the governing equations of the MDOF system into the modal space to decouple the problem and to calculate the normalized magnetic stiffness at the first few modes. Due to the intrinsic similarity between the vibration mode and the buckling pattern, we suppose that the vibration modes are also orthogonal with respect to the magnetic stiffness matrix in this case, just the same as the mass matrix and the elastic stiffness matrix.
Considering the following general vibration equation of an un-damped MDOF magneto-elastic system,
where M, K, K m are the n × n mass matrix, the elastic stiffness matrix and the magnetic stiffness matrix, respectively, with n denoting the degrees of freedom, x is the displacement vector and F the external force vector excluding the electromagnetic (EM) force. By using the transformation x = Φq (Φ = [φ 1 , φ 2 , ..., φ n ] is the modal matrix and φ i the i-th modal vector of the system), we can obtain,
Taking into account the orthogonality of M and K with Φ, i.e., Φ T MΦ = I, Φ T KΦ = Λ (I is the unit matrix and Λ = diag (λ i ) the diagonal matrix of the eigenvalues), and the orthogonality assumption of the magnetic stiffness matrix, i.e., Φ T K m Φ = Λ m , we can obtain a decoupled form of the system of equations as follows,q
On the other hand, if we also consider the EM force as an external force and suppose that the other external force vanishes, the discrete governing equation can be written as,
where F m (x) are EM forces depending on the displacement. Suppose that the system vibrates in the i-th normal mode, i.e.,
the following equation can be obtained by substituting Eq. (5) into Eq. (4) and multiplying with the i-th mode vector φ
where
Comparing it with Eq. (3) and considering the case without other external force, one can find
For a nonlinear EM force case, λ m i depends on the deformation and can be calculated by using,
where ∆q i is an amplitude perturbation of the i-th SDOF modal vibration. From Eq. (8), given the EM forces of i-th normal mode vibration only, we can easily calculate the corresponding normalized magnetic stiffness λ m i . Even for the nonlinear case, the dependence of magnetic stiffness on normalized displacement can be obtained by using Eq. (9).
In the case without another external force, the final vibration equation can be written as,
Furthermore, the total magnetic stiffness matrix can be derived from
However, the magneto-mechanical stability is often determined by low order natural frequencies. Therefore, only low order λ m i is important for stability analysis.
Dynamic method for stability analysis
The goal of magneto-elastic stability analysis of current-carrying conductors is usually the determination of critical properties and buckling patterns of the structure system. In practice, a so called dynamic method [3, 5] is available for evaluating the magnetoelastic stability. The basic idea of the dynamic method is to predict the critical properties by considering the smallest vibration frequency ω min . Once,
the system will lose stability. For a problem with a given magnetic field and a varying carrying current, the critical current I cr is important when buckling occurs. The critical current can be obtained using the following critical conditions,
where K m 0 denotes the magnetic stiffness matrix due to a unit carrying current. In this way, the numerical analysis on magneto-elastic stability becomes a generalized eigenvalue problem, in which the eigenvector denotes the buckling pattern. Usually, the first order mode is the commonest buckling pattern. In this case, the critical current can be calculated using the following buckling condition,
where λ m 10 is the first order normalized magnetic stiffness due to the unit carrying current.
For applications to complex realistic structures, more factors should be taken into consideration, such as thermal stress and in-plane magnetic forces etc. These factors do influence critical conditions of magneto-elastic buckling in some cases; however, in most cases, thermal stress and in-plane magnetic forces can be treated as initial stress in the undeformed structures. To deal with these factors, the so called initial stress matrix is useful [11] .
Numerical validation
Based on the strategy given in section 2, a numerical code is developed using both the beam element and the plate element, which can calculate both the magnetic stiffness matrix and the critical current. To demonstrate the validity of both the formulation and the corresponding numerical code, a three-wire problem is simulated using the beam element and a current carrying a thin plate problem is considered using the plate element. The details of the numerical models and simulation results are as follows:
The three-wire problem
The first example to validate the method is a three beam wire problem, i.e., a straight current wire modeled as a beam between two parallel current wires as shown in Fig. 1 . This problem is the simplified model of TF coil stability of a tokamak magnet. Since all three currents are in the same direction, the center wire will be attracted by both the other wires, and will be unstable unless there is enough elastic constraint between the wires.
There is an analytical solution of the problem [10] which shows that the vibratory circular frequency ω decreases with increasing current I (of all three wires), i.e., ρA
where ρ denotes the mass density of the center wire, A and D denote its cross-section area and bending stiffness respectively, µ 0 is magnetic permeability. From condition ω = 0, we can obtain the critical current as
Fig.1 Schematic diagram of the three-wire problem
The numerical results obtained by the present method are listed in Table 1 . In this case, l = 4 m, d=0.0632 m, ρA=1.0 kg/m, D=0.0833 N·m 2 , I=10 A. Two results were obtained for element division using 10 and 40 beam elements. From a comparison with the analytical solution, a good prediction of the frequency decrease was achieved. The relative errors for both 10 and 40 element FEM divisions were less than 1%.
Transverse stability of a conducting thin current-carrying plate
The second example is a problem of a conducting plate carrying a uniform current in the x-direction and subjected to a magnetic field in the y-direction, which is simply supported at the four edges, as shown in Fig. 2 . The frequency of the lateral vibration of the conducting thin plate (length: a=115 mm; width: b=40 mm; mass density ρ=0.8912×10 4 kg/m 3 ; Young's modulus: E = 0.11 × 10 12 Pa; Poisson's ratio: ν=0.34) changes with the current and magnetic field intensity. Given a y-direction magnetic field with a z-direction gradient of 10 T/m (i.e., ∂B y /∂z=10 T/m) and an x-direction current intensity of 1×10 8 A/m 2 and 1×10 9 A/m 2 uniformly distributed on the cross section, the change of frequency was calculated (46×16 plate finite elements) and shown in Table 2 and Fig. 3 Relative error 0.15% 0.28% the analytical solution (4.4611×10 9 A/m 2 ), a very good fit was obtained. In Fig. 4 , the first buckling pattern obtained by analytical solution and the first-order vibration mode was compared. It is clear that they are similar in shape, which supports the assumptions made in this paper.
Conclusions and future work
This paper proposes a novel method for calculating the magnetic stiffness matrix for the magneto-elastic stability analysis of current-carrying conductors. The numerical results of two typical examples by our code and method are in good agreement with corresponding analytical solutions, which demonstrates the validity of both the method and related code.
Since this method is independent of the geometry of the structure, it may well be suitable for more complicated structures. When applied to other structures, the related code should be combined with other magnetic field computation codes to calculate the magnetic field distribution around the structures. Possible future work will be an extension to include the thermal effect and in-plane magnetic field, and other variables.
